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Bifurcation Analysis of Eigenstructure Assignment
Control in a Simple Nonlinear Aircraft Model
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Aircraft systems are highly nonlinear and time varying. High-performance aircraft at high angles of incidence
experience undesired coupling of the lateral and longitudinal variables, resulting in departure from normal con-
trolled � ight. The construction of a robust closed-loop control that extends the stable and decoupled � ight envelope
as far as possible is pursued. For the study of these systems, nonlinear analysis methods are needed. Previously,
bifurcation techniques have been used mainly to analyze open-loop nonlinear aircraft models and to investigate
control effects on dynamic behavior. Linear feedback control designs constructed by eigenstructure assignment
methods at a � xed � ight condition are investigated for a simple nonlinear aircraft model. Bifurcation analysis, in
conjunction with linear control design methods, is shown to aid control law design for the nonlinear system.

Nomenclature
A, B, C = linear system matrices
G0d = desired decoupling vectors
I = identity matrix
Ix x , Iyy , Izz = moments of inertia
K = linear feedback matrix
L , M , N = rolling, pitching, and yawing moments

= set of prescribed eigenvalues
m, n = number of states, inputs
p, q, r = roll, pitch, and yaw rates
<, = = real and complex spaces
Si = space of eigenvectors corresponding to ¸i

u, v = linearized system input, reference input
V = modal matrix of eigenvectors
V0 = trim velocity
x, y = linearized system state, output
Y , Z = force in Y , Z direction
®, ¯ = angles of incidence (attack) and sideslip
± = perturbation
±E , ±A , ±R = elevator, aileron and rudder de� ection
¸i , vi = eigenvalueand right eigenvector
P. / = time-differentiation

Subscript

OL = open loop

I. Introduction

A IRCRAFT systems are inherently highly nonlinear and time
varying.Robust controldesign techniquesare required to cope

with these characteristicsand with the model uncertainty.Of partic-
ular interestis thecontrolof high-performanceaircraftat highangles
of incidence,where inertial, kinematic, and aerodynamicnonlinear-
ities are increasinglysigni� cant.Qualitativechangesin the dynamic
behavior of the aircraft may then occur that can induce the onset of
departure from controlled � ight. Motivated by the coupling of the
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lateral and longitudinal variables at high angles of incidence, we
seek methods for constructing a robust control that optimally ex-
tends the stable and decoupled � ight envelope. The aim is to � nd
conditions and design parameters for which the best controller can
be achieved for the nonlinear system.

Linearized models only represent the local dynamics of the non-
linear system. Incorporation of nonlinearities gives a more global
view of the aircraft dynamics and, consequently, the insight to
achieve control solutions effective over a wider � ight envelope.
Suitable techniques are required to investigate the effects of the
nonlinearities.Bifurcationanalysis is an establishedtechniqueused
to investigate nonlinear aircraft models.1¡6 It gives information re-
gardingthe equilibriumand periodicsolutionsof the aircraft system
with respect to some bifurcation parameter, usually a control vari-
able in aircraft models.

Bifurcationanalysis,appliedmainly to open-loopmodels thus far,
has highlighted the effects of the nonlinearities in � ight dynamics.
This advanceknowledgeof speci� c dynamic behaviorto be focused
on gives direction to � ight simulations, saving time and reducing
costs.1 Control combinations have also been investigated by using
these techniques,e.g., combinationsthat avoid jumps when travers-
ing the � ight envelopeto obtain a smooth route or combinationsthat
utilizesuch jumps to increaseagility.Bifurcationanalysishashelped
to show how particular dynamics, i.e., departure and postdeparture
dynamics such as spin, are entered with regard to the aircraft states
and control.2;3 Possible recovery methods from such postdeparture
dynamics can be obtained by investigating where these dynamics
undergo a qualitativechange in behaviorand allow a possible jump
back to normal � ight. Such analysis of aircraft systems has related
common dynamics to particular bifurcation phenomena.4

Some closed-loop models have also been investigated by bifur-
cation techniques.A simple nonlinearaircraft model using classical
control methods has been examined,5 and a high-performanceair-
craft model augmented by a full-authoritycontrol system has been
analyzed.6 Comparativeeffectsof differentlineardesignprocedures
on the nonlinear dynamics of an aircraft have not, however, been
studied previously.

In this paper bifurcation techniques are used to analyze linear
feedback controllers,constructedby eigenstructureassignment,ap-
plied to a simple nonlinear aircraft model. The aim is to incorpo-
rate the bifurcationanalysis into the design procedure to investigate
the effects of the control designs at equilibrium � ight conditions
and to improve the resultingcontrollers.Two eigenstructureassign-
ment methods for controller design have been implemented. A new
modi� ed eigenstructure assignment procedure is also introduced.
This technique is similar to methods proposed in Refs. 7–10, but
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is more ef� cient in the case where an appropriate feasible point
can � rst be selected. The feedback gain matrices are constructed
using: 1) eigenstructure assignment by a decoupling method,9;11;12

which locally stabilizes and decouples the inputs from the outputs,
reducing the undesired coupling of the lateral and longitudinalcon-
trol variables; 2) robust eigenstructureassignment,9;13¡16 which re-
duces the sensitivityof the closed-loopsystem and, hence, increases
the region over which the closed-loop system remains stable, but
does not achieve the desired decoupling properties; and 3) the new
modi� ed eigenstructure assignment technique, which achieves the
desired decoupling and at the same time reduces the sensitivity of
the closed-loopsystem, hence, increasingthe stability envelopeand
improving the departure characteristicsof the aircraft.

The bifurcation analysis reveals that satisfactory designs for the
linear systems can exhibit very different nonlinear departure char-
acteristics and illustrates the importance of the robustness of the
closed-loop system. The analysis also demonstrates that the robust
decoupling controllers designed by the new modi� ed eigenstruc-
ture assignment technique can successfully extend the stable and
decoupled � ight envelope and improve the nonlinear behavior of
the aircraft.

In the following sections relevant concepts in bifurcation analy-
sis are � rst given, followed by a description of the eigenstructure
assignment control design methods for linear systems. The appli-
cation of the design methods to the nonlinear system is outlined. A
simple nonlinearaircraft model is then presented.Results are given,
including bifurcation diagrams of the open-loop system and of the
closed-loop system for various controllers designed by the eigen-
structure assignment methods. The conclusions are summarized in
the � nal section.

II. Bifurcation Analysis
Bifurcationanalysisis a techniqueused to investigatethebehavior

of nonlinearsystems. The techniquecalculatesequilibrium(steady-
state) and periodic (limit-cycle) solutions of the nonlinear system
as a bifurcation parameter is varied, usually a control variable in
the study of aircraft systems, such as elevator, aileron, or rudder
de� ections.A bifurcationoccurs where there is a qualitativechange
in the system dynamics involvinga change in stabilityof the system
and often the creation or annihilation of possible solutions. At a
bifurcation,an aircraftsystemexperiencesdeparturefrom its current
dynamics and can jump to another equilibrium solution and a new
dynamic situation. For example, at a bifurcation, the aircraft can
depart from normal controlled equilibrium � ight and jump into a
spin, which is another steady, but undesirable,dynamic state.

The stability of the equilibrium solutions can be determined by
considering the eigenvalues of the linearization of the system at
the equilibrium point. A stability change, and hence a bifurcation,
occurs where the eigenvalues of the linearized system cross the
imaginary axis. Several types of bifurcation can occur. Possible
steady-state bifurcations,17 where a single zero eigenvalue crosses
the imaginary axis, are: 1) the limit-point (turning point, saddle
node) bifurcation, where a single solution branch changes stability
and, beyond the critical value of the bifurcation parameter, the so-
lution branch no longer exists; 2) the pitchfork bifurcation (in sym-
metric systems only, such as in some aircraft models), where at the
critical parameter value the steady-state solution branch changes in
stability, and two new solution branches begin; and 3) the transcrit-
ical bifurcation, where two existing solution branches of opposite
stability cross, and both change in stability.

A further bifurcation of a steady-state equilibrium solution is
a Hopf bifurcation. This occurs where a complex conjugate pair
of eigenvalues cross the imaginary axis. The steady-state equilib-
rium solution changes stability, and periodic solution (limit-cycle)
branches evolve from the bifurcation point.

Several software packages for bifurcation analysis exist. These
use numerical continuation schemes for path following of steady-
state solution branches, usually by some predictor–corrector
method. An approximate initial equilibrium solution for the con-
tinuation routine to begin from is normally needed, and Newton
iteration is performed if it is not accurate enough for the scheme to
start from. Techniques for bifurcationdetection and path following

past criticalpoints are also required in the numerical procedure.The
softwarepackagesproduceoutput � les containingbifurcationinfor-
mation in the form of data lists, including lists of equilibrium point
values, stability properties, bifurcation locations, and bifurcation
types, from which bifurcation diagrams of the solution branches,
displaying stability and labeled bifurcation points, can be plotted.

In this work the bifurcation analysis package AUTO94 (Ref. 18)
has been used to investigate the changes in the equilibrium states
of the system with respect to changes in the elevator de� ection
control. The other two control inputs are assumed constant at zero.
Results of bifurcation data from the package are given in the form
of bifurcation diagrams in Sec. VI.

III. Linear Control Design
Three eigenstructure assignment methods have been applied to

themodel.State feedbackis assumedpossible,so that alleigenvalues
can be assignedexactly.First, decouplingeigenstructureassignment
is applied, where the freedom in the eigenvectors is used to decou-
ple the system modes. Second, robust eigenstructure assignment is
applied, where the freedom in the eigenvectors is used to optimize
the robustness, making the eigenvalues of the system as insensitive
to perturbationsin the system matrices as possible. Finally, a modi-
� ed method is introducedthat combines both of these techniquesto
generate closed-loop systems that are both decoupled and robust.

State Feedback Control
We consider the autonomous, linear, multivariable system with

state space and output equations

Px D Ax C Bu; y D Cx (1)

where A 2 <n £ n , B 2 <n £ m , and C 2 <p £ n are the state, input, and
output matrices, respectively,and x, u, and y are the state, input, and
output variables, respectively. Both B and C are assumed to have
full rank. In the state feedback case, all state variables are available
as outputs and, thus, C D I (the identitymatrix), giving y D x. (See
the Appendix for a speci� c example of system matrices A and B.)

By considerationof the responseequationof the system, it can be
shown that both the eigenvaluesand eigenvectorsof the system state
matrix determine the behavior of the response of the system.19 The
aim is to � nd a feedback (or gain) matrix K to construct a control

u D K x C v (2)

that gives a closed-loop system with the required eigenstructure to
meet or improve speci� ed system properties.From Eqs. (2) and (1),
the closed-loop system has the form

Px D .A C B K /x C Bv (3)

where v is the reference input.
The matrix K must be chosen to give the state matrix A C BK of

the closed-loop system the required set of eigenvalues.The eigen-
values are chosen to improve certain properties of the system, in
particular, stability. A suf� cient condition for stability is that the
eigenvalueshave negative real part.19

A multi-inputsystem .n ¸ m ¸ 2/ is assumed, giving some free-
dom in the choice of eigenvectors to obtain the desired eigenvalues
and making it possible to improve other properties of the system.
Conditionsfor the existenceof solutionsto the state feedbackeigen-
value assignment problem are well known.19 The full objective, to
assign the best suitableeigenstructure,can be formulatedas follows:
given A 2 <n £ n , B 2 <n £ m , and a set D f¸1; ¸2; : : : ; ¸ng 2 =n ,
closed under complex conjugation,� nd matrix K 2 <m £ n and non-
singular matrix V 2 <n £ n such that

.A C B K /V D V 3 (4)

where 3 D diagf¸1; : : : ; ¸ng and V is the modal matrix of right
eigenvectors of A C BK .

Solutions to this problem have been established.13 The feedback
K can be calculated and is dependent on the modal matrix V of
right eigenvectors assigned, i.e., K D K .V /. A condition that the
right eigenvectorsmust satisfy to assign the correspondingdesired
eigenvalues is known.11;13 If vi denotes the i th column of V , the
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right eigenvectorcorresponding to ¸i , then the vector vi must lie in
a subspace Si of dimension m ; that is,

vi 2 Si ´ S.A; B; ¸i / (5)

The matrix K is calculated using a suitably constructed V satisfy-
ing this condition. As already stated, where m > 1, there is some
freedomin the choice of the vector vi , allowing some other possible
design requirements to be met.

Eigenstructure Assignment for Decoupling
The eigenvector freedom is used to achieve a speci� ed set of de-

sired eigenvectors to shape the response of the system, speci� cally
to improve the � ight handling qualities of the aircraft. The vectors
can be chosen to decouple the system inputs from the outputs via
its modes.8;9;20 In this work decoupling the outputs (states) from
speci� c modes only is attempted. In general, complete speci� ca-
tion of the desired eigenvectors is neither known nor required. The
designers are normally only interested in certain elements, and the
remaining components are left unspeci� ed.

Again K must be found to satisfy Eq. (4). A suitable V is con-
structed from vectors in the correct subspaces as close as possible,
in the least squares sense, to the desired vectors by taking their pro-
jection into the required subspaces.A set of eigenvalues and a set
of corresponding decoupling vectors G0d to be attained are cho-
sen by the designer to achieve stability and modal decoupling. The
projection is repeated once for each desired vector, generating ma-
trix V from which the feedback matrix is constructed.Note that for
complex conjugate pairs of desired eigenvalues the corresponding
desired vectors must also be complex conjugate.

Robust Eigenstructure Assignment
The freedom available in the eigenvectors to be assigned is used

to make the system more robust, that is, to make the assignedeigen-
values as insensitive as possible to perturbations in the system ma-
trices. There are several different measures of robustnessrelating to
eigenvalue sensitivity, or eigenvalue condition number.13 With ap-
propriate scaling kV ¡1kF is used as the robustnessmeasure, where
k ¢ kF denotes the Frobenius norm.

A robust solution is found by selecting suitable columns vi of V
from the subspacesSi to achieveoptimal conditioningof the system.
An iterative method is applied to the columns of V , attempting to
make the vectors vi as orthogonal to one another as possible, a nec-
essary condition for optimal conditioning.13 The stopping criterion
for the iterationis that either a presetmaximum numberof iterations
have been performed or a reduction in the robustness measure has
not been achieved. Note that this does not necessarily give a global
minimum of the robustness measure. If a complex conjugate pair
of eigenvalues is speci� ed, the � rst of the complex pair is updated
as normally, and the second is taken to be the complex conjugate
of the � rst, retaining the complex conjugacy of the eigenvectors as
well as the eigenvalues.The resulting well conditioned matrix V is
used to calculate K .

Combining the Two Methods
A modi� ed method is now introduced that combines the decou-

pling and robustness method. In this procedure a modal matrix V
is � rst calculated using the projection method to obtain the desired
output mode decoupling. Instead of using this V to calculate the
feedback K , it is used as the initial V in the robustness iteration
process, with the aim of retaining the decoupling while optimizing
the robustness of the closed-loop system.

The robustness iteration algorithm used13 consists of the follow-
ing steps.

1) Select an initial set of linearly independent eigenvectors vi 2
Si , i D 1; 2; : : : ; n, corresponding to the prescribedeigenvalues¸i .

2) For i D 1; 2; : : : ; n, a) � nd q orthogonal to fv j , j 6D ig and b)
set vi equal to the projection of q into the subspace Si , normalized
to unit length.

3) Repeat step 2 until the measure of robustness fails to improve
by a speci� ed tolerance.

In step 2, the selected vector vi minimizes the sensitivity of the
correspondingeigenvalue¸i , over all vectors in Si . Becausealtering
one eigenvector affects the sensitivities of all of the eigenvalues of

the system, the procedure must be iterated to achieve good condi-
tioning of the entire eigenstructure.

If the initial set of eigenvectors fvi g is selected to achieve the
desired decoupling, then the states (or outputs) and the modes can
be ordered so that the eigenvectors form two linearly independent
sets

vi D
v1i

0
; i D 1; 2; : : : ; k

(6)

vi D
0

v2i
; i D k C 1; : : : ; n

In step 2 of the algorithm, if 0 · i · k, then because q is orthog-
onal to the second set of vectors in Eq. (6), it must take the form
qT D .qT

1 0/. Similarly, if k C 1 · i · n, then qT D .0 qT
2 /. The

projection vi of q into Si then preserves the desired decoupling. If
the linear system is already decoupled, then it is always possible
to select an initial set of mode decoupling eigenvectors from the
required subspace for any choice of the desired eigenvalues.

For the nonlinear system, a linearizationof the system at a spec-
i� ed equilibrium point is used to design the linear feedback con-
troller. (The linearizationis described in Sec IV.) If the design point
is selected to lie on a decoupled branch of the bifurcation diagram,
then the linearized system is decoupled at this point, and a feasible
set to initialize the robustness iteration can always be found. The
aim is then to select a robust feedback controller that extends and
stabilizesthe decoupledbranchof thenonlinearsystemfor theentire
input parameter range.

IV. Control Design for the Nonlinear System
Application of the eigenstructure assignment design methods to

the nonlinear model requires a linearizationof the system about an
equilibrium point. A control design is then calculated to make this
particular linear approximation to the system stable and to satisfy
performance requirements speci� ed by the design. Interest lies, for
a givencontroller,in the change in the stability,robustness,and cou-
pling of the closed-loop equilibrium points of the nonlinear system
with varying reference control.

To apply the linear design methods to a nonlinear autonomous
system

Px D f .x; u/ (7)

Eq. (7) must � rst be linearizedabout a speci� c equilibriumpoint. A
general equilibrium state xe is dependent on the control parameter
u, that is xe D xe.u/. More than one equilibrium state may be
associated with each control parameter. For a � xed control u D u¤,
a speci� c equilibrium point can be written as

xe.u¤/; u¤
OL

D .x¤; u¤/OL (8)

Linearizingaboutthis � xedequilibriumpointbyaTaylor’s expan-
sion and ignoring the nonlinear terms gives a linear system that ap-
proximatesEq. (7) locally to Eq. (8). If x D x¤ C±x and u D u¤ C±u,
then the linear approximation to the nonlinear system is given by

± Px D A¤±x C B¤±u (9)

where

A¤ D @f
@x

.x¤ ;u¤/OL

and B¤ D @f
@u

.x¤ ;u¤/OL

(10)

The output equation is

±y D C±x D ±x (11)

A control design method can now be applied to Eq. (9). A feed-
back matrix K ¤ is calculated such that the closed-loop state matrix
A¤ C B¤ K ¤ of the linear approximationsatis� es the design require-
ments. The closed-loop control u D u¤ C ±u D K ¤x C v is applied
to the nonlinear system, giving

Px D f .x; K ¤x C v/ D fK ¤ .x; v/ (12)
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Bifurcation techniques are applied to Eq. (12) to investigate how
well this particular design controls the nonlinear system.

V. Aircraft Model
The aircraft model used in these studies is a simple autonomous,

� fth-order nonlinear system using � ight data to model a twin-
engined, jet � ghter aircraft at a � xed � ight condition in straight
and level � ight at a height of 1065 m, a Mach number of 0.9, a
trim velocity V0 D 265 ms¡1, a zero � ight-path angle, and an angle
of incidence of 2.6 deg, giving constant stability derivatives corre-
sponding to one � ight condition.The data are found in Ref. 21.

The longitudinal equations are

P® D q ¡ .r sin ® C p cos®/ tan ¯ C
cos ® Z®® C Z±E ±E

V0 cos ¯
(13)

Pq D
Izz ¡ Ixx

Iyy
pr C M®® C M P® P® C Mqq C M±E ±E

and the lateral equations are

P̄ D p sin ® ¡ r cos® C
cos ¯ Y¯ ¯ C Y±A ±A C Y±R ±R

V0

Pp D
Iyy ¡ Izz

Ix x
qr C L¯ ¯ C L p p C L rr C L ±A ±A C L ±R ±R

(14)

Pr D
Ix x ¡ Iyy

Izz
pq C N¯ ¯ C N p p C Nr r C N±A ±A C N±R ±R

Equations (13) and (14) together take the nonlinear form (7), where
x D .®; q; ¯; p; r/T and u D .±E ; ±A; ±R /T .

A full aircraft model would have available a set of discretized
aerodynamic data at many � ight conditions, hence modeling the
aerodynamic and kinematic nonlinearities due to the � ow� eld
around the aircraft. In this model only inertial and kinematic non-
linearities,found in the equationsof motion, are represented.Thrust
and gravitational effects have been neglected. The stability deriva-
tives are determinedby linearizationabout the speci� ed equilibrium
� ight conditions and, thus, the nonlinear model applies only locally
to these conditions. Hence, this model is, in fact, not truly valid
at high angles of attack. Despite the simplicity of this model, it is
considered suitable for this study inasmuch as in the open loop it
exhibits a bifurcationcharacteristicsimilar to more realistic aircraft
models such as the high-incidenceresearchmodel (HIRM).2 A sim-
pli� ed model allows a greaterinsightinto the designprocedure,with
the aim of eventually extendingthe techniquesto more complicated
and realistic systems.

VI. Results
Open-Loop

The nonlinear model is � rst run in AUTO94 (Ref. 18) with no
feedback control applied, and the equilibrium state variables are
found over the elevator de� ection range §29 deg. The aileron and
rudder control surface de� ections are constantlyzero. The � ve plots
in Fig. 1 correspond to the � ve state variables of the model; thus,
branchesshown are projectionsof the � ve-dimensionalequilibrium
state. Therefore, the crossing of two separate branches does not
necessarily imply coinciding equilibrium states at that particular
elevator value.

In the open-loop case, two separate branches are found. The
straight branch corresponds to decoupled longitudinal and lateral
state variables.This brancheventuallybecomesunstableat the Hopf
bifurcation, where periodic solution branches begin (not shown in
these � gures). The second branch corresponds to coupled lateral
and longitudinalvariables,and a change in stabilityoccurs at a limit
point.

Figure 1 shows that, in the open loop, a decoupledbranch already
exists; however, it becomes unstable at the critical elevator de� ec-
tion of approximately 5 deg. Beyond this elevator de� ection the
decoupled equilibrium solution becomes unstable, and the system
if perturbed could jump to the stable but coupled equilibrium solu-

Fig. 1 Open-loop bifurcation responses.

tion shown to exist along the second solution branch. Thus, the aim
is to calculatea robustand decouplingcontroldesign thatwill extend
the stable and decoupled branch to the complete elevator de� ection
range and move away or remove stable coupled branches to which
the system could jump if perturbed. Note that results from such a
simpli� ed model cannot be used to make any realistic quantitative
conclusions about the system dynamics.

Closed-Loop Designs
In all of the following control design examples the feedbacks are

designedfor a linearizationof the nonlinearsystemthat is decoupled
and stable.This linearizationis made at the equilibriumpoint (given
in degrees)

.x¤; u¤/OL D

37:65

15:08

0

0

0

;

¡26:90

0

0

(15)

and the open-loop eigenvalues are reassigned at this point. The set
of assigned eigenvalues is given to four decimal accuracy by

D f¡0:4909 § 2:7996i; ¡0:5580 § 3:9212i; ¡0:6699g (16)

The system matrices of the linearizedopen-loopmodel equationsat
the equilibrium point (15) are displayed in the Appendix.

In the closed-loop system the bifurcation parameter is no longer
the elevator control surface de� ection, but is the reference input that
corresponds to the pilot’s longitudinal control input. The relation-
shipbetweenthesevariablesmustbe consideredwhenevaluatingthe
effectiveness of a feedback control design. In our nonlinear model
u represents the three control surface de� ections. In the open loop
these values are input directly. In the closed loop u D K x C v,
and the control surface de� ections depend on the reference input
v, the structure of the feedback K , and the value of x. Therefore,
in the closed-loopsystem, careful monitoring of the control surface
de� ection values should be made when considering the validity of
a control design at a particular reference input control value. Con-
trol surfaces are limited to de� ection angles within a certain range
due to aircraft con� guration and lack control effectiveness beyond
particular angles.

As in the open-loop bifurcation diagrams, the periodic solution
branches are not shown and are left for investigationin future work.
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Decoupling Method
Two feedback designs using the decoupling eigenstructure as-

signment method are generated. The only difference in the design
parameters is the choice of coupling vectors G0d . The choice of
these vectors is made purely to decouple the longitudinaland lateral
variables.

Design 1
In this design the desired decoupling vectors to be projected into

the achievable subspaces are

G0d D

1 1 0 0 0

x x 0 0 0

0 0 x x x

0 0 1 1 x

0 0 x x 1

(17)

where the x areunspeci�ed elements.The 1s and0srepresentdesired
coupling and decoupling, respectively. The � rst two columns of
G0d represent the desired longitudinal modal vectors, coupled to
the outputs ® and q , and the remaining three columns represent the
desired lateral-directionalmodal vectors, coupled to the outputs ¯,
p, and r .

When projected,all speci� ed elements are achieved exactly. The
calculated design retains the stability and decoupling at the design
point, but Fig. 2 shows that it does not achieve these design require-
ments for the nonlinear system over the total elevator de� ection
range and, thus, is not considered a good design.

It canbe seen that thedecoupledbranchis stableuntil it undergoes
a pitchforkbifurcation,where two furtherunstablesolutionbranches
begin. In the sub plots of the two longitudinal variables ® and q in
Fig. 2, the two branches are identical and plotted over one another.
The decoupledbranch becomes unstable after the bifurcationpoint.
The coupled branches evolving from the bifurcation point undergo
a limit-pointbifurcation,where they brie� y become stable, and then
a Hopf bifurcation, where they become unstable again.

If this control were applied to an aircraft for elevator de� ection
values greater than approximately ¡8 deg, the aircraft is likely
to jump either into one of the stable sections of the two coupled
branches or into some other dynamic behavior not predicted by
these results, indicating that this is not a good design. This shows
the care needed when choosing decoupling vectors.

Fig. 2 Design 1, decoupling method.

Design 2
For this design the desired mode output coupling vectors are

G0d D

1 1 0 0 0

1 1 0 0 0

0 0 1 1 1

0 0 1 1 1

0 0 1 1 1

(18)

where all of the zero elements speci� ed are achieved exactly, but
the 1s speci� ed are not. Figure 3 shows that this design decouples
and stabilizes the system over the whole control parameter range,
indicating a good design. A second branch is also shown, which is
coupled and unstable with a Hopf and limit-point bifurcation. This
is one of a pair of coupledbranchessymmetricallylocatedabout the
uncoupled branch. (Only one of the branches is shown in Fig. 3.)

Note that the set of vectors (18) is not unique in achievinga good
design. Repeating the same design method as design 2 with the set
of vectors

G0d D

1 1 0 0 0

x x 0 0 0

0 0 1 1 x

0 0 x x x

0 0 x x 1

(19)

also results in a feedback design that decouples and stabilizes the
nonlinear system over the entire parameter range.

At the speci� ed equilibriumpoint all of the linear closed-loopde-
signsgeneratedbythedecouplingprocedureare satisfactory,achiev-
ingexactlythe speci� ed eigenvaluesand thedesireddecoupling.The
corresponding nonlinear closed-loop systems display signi� cantly
different bifurcation behavior, however, over the whole reference
input parameter range. Some designs successfullyextend the stable
� ight envelope, whereas others are even less satisfactory than the
originalopen-loopsystem. Applying the bifurcationanalysisas part
of the design procedure, thus, enables better control designs to be
selected.

Robustness Method
Design 3

In Fig. 4, the results are given in the case where a robust feedback
design is applied to the nonlinear system. The closed-loop system

Fig. 3 Design 2, decoupling method.
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Fig. 4 Design 3, robustness method.

remains stable over the entire bifurcation parameter range, and no
bifurcationpoints occur; however, the system is entirely coupled in
this region, which is expected because the control is not designed to
decouple the system. Thus, if this design were applied to an aircraft
system, it is unlikelythat the systemwould depart to some undesired
dynamic regime, but the longitudinaland lateral variableswould be
coupled.

Decoupling and Robustness Method
The modi� ed technique, as described in Sec. III, is now applied

to obtain a robust decoupleddesign.The two modal matrices calcu-
lated by the decoupling method are used as initial starting matrices
in the robustnessiteration.The feedback K is then constructedfrom
the resulting V .

Design 4
Starting from the matrix V calculated in the bad feedback de-

sign, design 1, the new V found by the iteration method results in a
feedback control that decouples and stabilizes the nonlinear model
over the whole reference input range. The matrices V and, hence,
K calculated are not equal to the matrices V and K found in the
good design, design 2, using the projection method only. Bifurca-
tion diagrams of the system states are shown in Fig. 5. No coupled
branches were found in the given input parameter range, indicating
that departure to another stable equilibrium state is not likely to
occur with this control law.

Design 5
The same procedure is repeated on the matrix V found in the

good feedback design, design 2, using the projection method only.
This results in matrices V and K not equal to but containingentries
close in value to those of the matrices V and K found in design 4.
The resulting bifurcation diagrams are also very similar, and again
the feedback gives a stable and decoupled system over the whole
reference input range. The bifurcation diagram for this design is
virtually identical to the diagram for design 4 (see Fig. 5).

Additional experimentshave shown that the new modi� ed eigen-
structure assignment method gives similar satisfactory designs if
applied at various points on the decoupled open-loop equilibrium
branch, regardless of whether the corresponding linearized system
is stable or unstable at the selected equilibrium point. In all cases
the calculatedrobust feedbacksuccessfullystabilizesand decouples
the system over the full reference input range.

Fig. 5 Design 4, decoupling and robustness method.

Robustness of the feedback design at the speci� ed equilibrium
point ensures that the linearized closed-loop system is insensitive
to perturbationsarising, in particular, from neglectednonlinearities.
The corresponding nonlinear closed-loop system is, therefore, ex-
pected to retain the assigned properties over a wider range of the
reference input parameter than less robust designs. The results pre-
sented con� rm that the robustdesigns successfullyextend the stable
and decoupled � ight envelope and improve the departure character-
istics of the nonlinearsystem, thus demonstrating the importanceof
robustness for nonlinear as well as linear systems.

VII. Conclusions
The effectsof linearfeedbackcontrollerson thenonlineardynam-

ics of a simple aircraftmodel are investigatedhere using bifurcation
techniques. The controllers are synthesized by various eigenstruc-
ture assignment procedures applied to a linearizationof the aircraft
model at an equilibriumpoint of the nonlinear system. A new mod-
i� ed technique is introduced that enables the design of closed-loop
systems that are both robust and decoupled.

The bifurcation analysis reveals that feedback control designs
that all appear satisfactory for the linearized system can exhibit
very differentnonlinear departure characteristics.The analysis also
demonstratesthat robustdesigns that minimize the eigenvaluesensi-
tivity of the closed-loopsystem can improve the effectiveparameter
rangeof the control laws acting on the nonlinearaircraft.The robust
decoupling controllers designed by the new eigenstructure assign-
ment technique are shown by the analysis to extend the stable and
decoupled� ight envelopesuccessfullyand to improve the nonlinear
dynamical behavior of the aircraft. Thus, bifurcation analysis aids
the design process, resulting in more effective control laws for the
nonlinear aircraft over the entire parameter range.

Appendix: Linearized System Data
The system matrices of the � fth-order aircraft model (13) and

(14) linearizedabout the speci� ed open-loopequilibriumpoint (15)
are given to four � gures accuracy by

A¤ D

¡0:2297 1:000 0 0 0
¡7:889 ¡0:7520 0 0 0

0 0 ¡0:3038 0:6108 ¡0:7918

0 0 ¡18:77 ¡1:237 0:2307

0 0 5:266 ¡0:2139 ¡0:2450

(A1)
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B¤ D

¡0:04513 0 0

¡11:39 0 0

0 ¡0:6993e–03 ¡0:4296e–02

0 9:010 1:994

0 0:05800 ¡2:634

(A2)

Acknowledgment
This work was supported in part by the United Kingdom Defence

Evaluation and Research Agency (Bedford).

References
1Lowenberg,M.H., “Bifurcation Methods—A Practical Methodologyfor

Implementation by Flight Dynamicists,” 17th ICAS Congress (Stockholm,
Sweden), 1990, pp. 2237–2247; also ICAS Paper 90-5.10 (Reserve), Sept.
1990.

2Lowenberg, M. H., “Optimizing the Use of Multiple Control Effectors
Using Bifurcation Analysis,” AIAA Atmospheric Flight Mechanics Confer-
ence, AIAA, Washington, DC, 1994, pp. 45–55; also AIAA Paper 94-3456,
1994.

3Lowenberg,M.H., “StabilityandControllabilityEvaluationofSustained
FlightManeuvers,”AIAAAtmosphericFlightMechanicsConference, AIAA,
Reston, VA, 1996, pp. 490–499; also AIAA Paper 96-3422, 1996.

4Lowenberg, M. H., “Non-Linear Oscillations and Chaotic Behaviour in
Aircraft Dynamics,” Third South African Aeronautical Engineering Confer-
ence (Pretoria, South Africa), Aug. 1991, pp. 6.1–6.19.

5Littleboy, D. M., and Smith, P. R., “Closed Loop Analysis of a Simple
Aircraft Model Using Bifurcation Methods,” AIAA Atmospheric Flight Me-
chanics Conference, AIAA, Reston, VA, 1996, pp. 53–59; also AIAA Paper
96-3366, 1996.

6Avanzini, G., and de Matteis, G., “Bifurcation Analysis of a Highly
Augmented Aircraft Model,” Journal of Guidance, Control, and Dynamics,
Vol. 20, No. 4, 1997, pp. 754–759.

7Littleboy, D. M., and Nichols, N. K., “Using Eigenstructure Assignment
for Modal Decoupling in Aircraft Problems,” AppliedLinearAlgebra, edited
by J. Lewis, Society for Industrial and Applied Mathematics, Philadelphia,
PA, 1994, pp. 196–200.

8Littleboy, D. M., “Numerical Techniques for Eigenstructure Assign-

ment by Output Feedback in Aircraft Applications,” Ph.D. Thesis, Univ. of
Reading, Dept. of Mathematics, Whiteknights,Reading, England, UK, Dec.
1994.

9Littleboy, D. M., and Nichols, N. K., “Modal Coupling in Linear Control
Systems Using Robust Eigenstructure Assignment,” Linear Algebra and
Applications, Vol. 275–276, 1998, pp. 359–379.

10Chouaib, I., and Pradin, B., “On Mode Decoupling and Minimum
Sensitivity by Eigenstructure Assignment,” Proceedings of MELECON ’94
(Antalya, Turkey), 1994, pp. 1–4.

11Andry, A. N., Shapiro, E. Y., and Chung, J. C., “Eigenstructure Assign-
ment for Linear Systems,” IEEE Transactions on Aerospace and Electronic
Systems, Vol. AES-19, No. 5, 1983, pp. 711–728.

12Sobel, K. M., and Shapiro, E. Y., “Eigenstructure Assignment: A Tuto-
rial,” Proceedings of the 1985 American Control Conference (Boston, MA),
1985, pp. 456–467.

13Kautsky, J., Nichols, N. K., and Van Dooren, P., “Robust Pole Assign-
ment in Linear State Feedback,” International Journal of Control, Vol. 41,
No. 5, 1985, pp. 1129–1155.

14Kautsky, J., Nichols, N. K., and Chu, E. K.-W., “Robust Pole Assign-
ment in Singular Control Systems,” Linear Algebra and Applications, Vol.
121, 1989, pp. 9–37.

15Chu, E. K.-W., Nichols, N. K., and Kautsky, J., “Robust Pole Assign-
ment by Output Feedback,” Fourth IMA Conference on Control Theory,
edited by P. Cook, Academic, New York, 1985, pp. 137–146.

16Mudge, S. K., and Patton, R. J., “Analysis of the Technique of Ro-
bust Eigenstructure Assignment with Application to Aircraft Control,” IEE
Proceedings, Pt. D, Vol. 135, No. 4, 1988, pp. 1267–1273.

17Glendinning, P., Stability, Instability and Chaos, Cambridge Univ.
Press, London, 1995, pp. 206–238.

18Doedel, E. J., Wang, X. J., and Fairgrieve, T. F., “AUTO94: Software for
Continuationand Bifurcation Problems in Ordinary Differential Equations,”
Center for Research on Parallel Computing, CRPR-95-1, California Inst. of
Technology, Pasadena, CA, May 1995.

19Barnett, S., and Cameron, R. G., Introduction to Mathematical Control
Theory, Oxford Univ. Press, Oxford, England, UK, 1990, pp. 123, 177.

20Smith, P. R., “Application of Eigenstructure Assignment to the Con-
trol of Powered Lift Combat Aircraft,” UK Defence Research Agency, TM
FS 1009, HMSO, Aerospace Div., Royal Aerospace Establishment Bedford,
Bedford, England, UK, Feb. 1991.

21McLean, D., Automatic Flight Control Systems, Prentice–Hall, Engle-
wood Cliffs, NJ, 1990, pp. 564–566.


